Introduction
The theory of the dynamic behavior of mechanical face seals is well developed for the case in which the rotor and stator are concentric ͓1-5͔. The dynamic response of a seal when one or both of the sealing faces is eccentric has received much less attention, even though many seals ͑possibly the majority͒ suffer from eccentricity.
For a seal, eccentricity means that the center of the stator, the rotor, or both, is displaced radially from the nominal axis of shaft rotation. This may occur because a shaft is misaligned or because a flexible shaft deflects radially. It may also occur because the flexibly mounted rotor or stator deflects radially relative to the shaft or housing it is mounted on.
Previous work dealing with eccentric face seals ͓6-8͔ looked primarily at pumping effects in seals designed to be eccentric. Only Griskin ͓9͔ considered the dynamic response, using numerical integration for a flexibly mounted stator seal with an eccentricity of constant magnitude and direction.
Wileman and Green ͓10͔ examined the effects of eccentricity upon the fluid film forces and moments, deriving rotor dynamic coefficients which describe them as linearized functions of the radial displacements. They examined two-rotor seals, such as might be used for intershaft sealing ͓11͔. In their configuration, denoted FMRR ͑Fig. 1͒, both rotors were flexibly mounted to their respective shafts. Though such seals are uncommon, the FMRR analysis presents the advantage of dealing with the most general kinematic configuration, and single-rotor seals in which either the rotor, the stator, or both, are flexibly mounted can all be treated as degenerate cases.
Wileman and Green ͓10͔ showed that the fluid film leads to coupling of the radial motion and the seal rotor tilts. The rotor dynamic coefficients they derived can be used to include the seal dynamic behavior in a complete rotor dynamic analysis of the seal-shaft system. The results of such an analysis would show both the effect of the shaft motion on the seal behavior and the effect of the seal on the shaft motion.
In practice, a complete analysis of this sort is very difficult and often unnecessary. Although shaft deflection will influence the seal behavior, the reverse may not be true; the effect of the seal on the shaft is typically smaller than that of the other rotors ͑fly-wheels, impellers, bearings͒. Thus, if the shaft behavior can be predicted or measured, it can be treated as a known input to the dynamic analysis of the seal rather than as a variable in a combined seal-shaft analysis. This will obviously be an approximation, but may be quite accurate in many cases and permits a solution in closed form.
A common type of eccentric behavior is synchronous shaft whirl resulting from rotating imbalance. For this condition, the shaft eccentricity will act as a harmonic forcing function for the seal, with a frequency equal to the shaft whirl frequency. Such harmonic behavior makes possible a direct solution for the seal dynamic response, and that is the technique which will be presented in this work.
In the following analysis, the equations of motion for the eccentric FMRR seal system will be derived, and the solution technique for the case of synchronous whirl will be presented. To simplify the presentation, we shall assume that only one of the two shafts whirls, while the other remains concentric. Adding the behavior of a second whirling shaft or more complex shaft behaviors is discussed briefly following the results.
Solutions for the eccentric dynamic responses of flexibly mounted rotor ͑FMR͒ and flexibly mounted stator ͑FMS͒ seals will be obtained as degenerated cases of the more general FMRR solution, and will be presented in closed form. Finally, the solution techniques derived will be applied to an example seal design, showing the effects of eccentricity and shaft speed on the magnitude of the seal response.
The Synchronous Whirl Kinematic Model
The FMRR seal consists of two floating rotors, each attached to its shaft by means of a flexible support. The flexible support can be a spring and O-ring arrangement or a bellows, and the seal elements are constrained to rotate with the shaft by means of positive drive devices ͓12͔. If eccentricity is included, each rotor has five degrees of freedom: an axial displacement, tilts about two perpendicular axes in the plane of the seal face, and two orthogonal radial displacements. Thus, an FMRR seal containing two rotors will have 10 total degrees of freedom. If motion in any of these becomes too large, leakage will be excessive, and the seal faces may come into contact, leading to high wear and possibly even seal failure.
To first order, the axial movements are decoupled from the tilt and radial movements ͓10͔. This decoupling allows the two axial degrees of freedom in the system to be removed from the analysis and solved separately. The axial motion for the eccentric seal is identical to that for the concentric case presented in ͓13͔ and ͓14͔ and will not be considered further here.
In most mechanical seals, one sealing face is a thin annular ring and runs against a flat mating face, referred to respectively as the seal ring and the seal seat. The faces are separated by a thin fluid film, and coning and tilt of the faces generate pressures in the film which apply forces and moments to the two seal faces, coupling the dynamic responses of the two rotors. In this work, the seal ring is designated rotor 1, and the seat, rotor 2. They are assumed to be oriented with respect to the system Z axis as shown in Fig. 2 .
For concentric seals, the forcing functions in the equations of motion result from initial tilts of the rotors, such as occur because of imperfections in the flexible support ͓13͔. These same tilts also lead to forcing functions in the eccentric system, but additional forcing caused by the radial shaft motion must also be included. Thus, the kinematic model of the eccentric seal must be able to describe the relationship between the face tilts and the shaft deflections.
Wileman and Green ͓10͔ presented the general kinematic model for an eccentric FMRR system. Their definitions for the rotor eccentricities and relative eccentricity are illustrated in Fig. 2 . Shaft 1 and shaft 2 have radial deflections from the nominal system centerline, denoted ⑀ 1 * and ⑀ 2 * , respectively. The relative deflection of the two shafts, ⑀*, is obtained as a vector difference ͑Fig. 3͒. The asterisks indicate these are dimensional values. The normalized eccentricity, ⑀, is defined as ⑀ϭ⑀*/r o , where r o is the outer radius of the seal ring.
For the present analysis, only shaft 1 is assumed to have a radial deflection from the nominal centerline, while shaft 2 does not deflect. That is, ⑀ϭ⑀ 1 , and ⑀ 2 ϭ0. As a consequence, the relative deflection, ⑀, is of constant magnitude and precesses at the shaft rotation speed, 1 . The radial motion of seal rotor 1 is assumed identical to that of shaft 1. Because the two radial deflection components of shaft 2 are zero, and those of shaft 1 are known, these four degrees of freedom are no longer independent variables in the seal analysis, leaving the rotor tilts as the only independent variables. The radial forces acting on the rotors affect only the radial motion, not the tilts, so it is not necessary to include them if a known radial motion is assumed.
The decoupling of the two axial degrees of freedom, along with the conversion of the radial displacements from independent variables to known system inputs, leaves only four of the original ten independent degrees of freedom in the system: two orthogonal tilts for each of the seal rotors. Thus, the independent variables for the synchronous whirl analysis are the same as for the concentric analysis. Figure 3 is a more detailed presentation of the eccentricity definitions used in ͓10͔, looking down at the seal from the positive Z direction along the shaft rotation axis. The figure presents the general case in which both shafts have independent radial deflections from the nominal centerline. The analysis requires several rotating reference frames. Coordinate axes denoted by capital Roman letters are shaft-fixed axes which precess at the speed of their associated shafts. Coordinate axes denoted by Arabic numerals are relative systems which precess as necessary to describe a relative tilt or eccentricity between the two rotors. Note that because the tilt magnitudes are small, the Z axis in all reference frames is assumed to be parallel to the nominal system centerline. The figure presents only those axes perpendicular to the system Z axis ͑i.e., in the plane of the seal faces͒.
Two rotating, shaft-fixed reference frames are defined: X 1 Y 1 Z 1 fixed in shaft 1 and X 2 Y 2 Z 2 fixed in shaft 2. ͑Only the shaft 1 system is shown in Fig. 3 .͒ These two frames precess with angular speeds 1 and 2 , respectively, relative to the inertial system . The origins of these reference frames remain on the nominal system centerline, and the X 1 and X 2 axes are assumed to coincide with the inertial axis at tϭ0. The initial tilts of the flexible supports, ␥ 1i and ␥ 2i , are assumed to be nutations about the X 1 and X 2 axes.
For rotor 1, a reference frame X 1⑀ Y 1⑀ Z 1⑀ is also defined such that the Y 1⑀ axis is in the direction of the radial deflection of shaft 1. If both shafts deflect, a similar system, X 2⑀ Y 2⑀ Z 2⑀ can be defined for rotor 2, and a relative reference frame, 1 ⑀ 2 ⑀ 3 ⑀ can be defined so that the 2 ⑀ axis is in the direction of the relative eccentricity ͑Fig. 3͒. All three of these reference frames precess as the Transactions of the ASME shafts rotate. As the present analysis assumes shaft 2 does not deflect, the X 2⑀ Y 2⑀ Z 2⑀ reference is not used, and the X 1⑀ Y 1⑀ Z 1⑀ and 1 ⑀ 2 ⑀ 3 ⑀ references are coincident. We shall refer to them using the 1 ⑀ 2 ⑀ 3 ⑀ nomenclature throughout the remainder of the analysis. Fluid film moments dependent upon the rotor tilts are obtained in the fluid film reference frame, denoted by the axes 123 ͓15͔. By definition, the fluid film thickness is symmetric about the 2 axis, and the relative tilt of the two rotors can be described by a single relative tilt angle, ␥, measured about the 1 axis. The steady-state solution technique is described below. It requires that all moments be resolved into components parallel to one of the shaft-fixed systems, Figure 4 presents all the coordinate axes relevant to the present analysis and the precession angles which define their relative orientations and which are necessary for transformation from one reference frame to another. Again, the system is viewed looking down along the Z axis.
The Fluid Film Moments
Wileman and Green ͓10͔ examined how a radial shaft deflection affects the fluid film forces and moments acting on the seal faces. They showed many of the effects were second order and could be neglected in a linearized rotor dynamic analysis. In particular, they showed that 1. radial deflections led to a negligible change in the magnitude of the axial fluid film forces; 2. radial deflections did not change the dependence of the tilting moments upon the tilt angles; thus, the rotor dynamic coefficients used to describe that dependence, k 11 , k 12 , and d 11 , are unchanged from the concentric analysis ͓15͔; and 3. radial deflections lead to additional tilting moments which depend directly upon the magnitude of the eccentricity ͑⑀͒ and its orientation, described by the angle ( ⑀ ) between the relative tilt axis, 1, and the direction of the eccentricity vector, 1 ⑀ . They derived additional rotor dynamic coefficients to describe these dependencies.
Before considering the steady-state response of the eccentric system, one additional effect must be included. As it can be expressed without resort to a rotor dynamic coefficient, it was not considered in ͓10͔, but it turns out to play a crucial role in the eccentric steady-state response. In a seal with a positive coning angle ͑i.e., fluid film converging in the direction of pressure drop͒, the fluid film pressure will create a hydrostatic opening force acting through the center of the seal ring. This force has no effect on the dynamic response of the concentric seal; it creates only the static deflection which is the design clearance of the seal.
Eccentricity causes no change in the magnitude of this force but does lead to a radial displacement of its line of action. The force always acts through the center of the seal ring, so when the ring and the seat are eccentric, the point of application of this force is a distance ⑀ from the center of the seat, and it applies a moment of magnitude F z ⑀ to the seat. If the seal ring undergoes synchronous whirl, this will be a rotating moment and will act as an additional forcing function for both rotors because of the fluid coupling between them.
Thus, eccentricity introduces two new types of forcing moments to the system. The first is the direct effect of the radial deflection upon the fluid film moments, applied to both rotors and represented by the rotor dynamic coefficients k ⑀1 and k ⑀2 ͓10͔. The second is the moment applied, only to the seat, as a result of radial displacement of the line of action of the axial fluid film force. This second effect has never been examined in the literature, and no investigation of the dynamic response exists for either of the two types of eccentric forcing moments.
The normalized moments applied to element 2 as a result of the first effect were derived by Wileman and Green ͓10͔ in the fluid film reference frame. If resolved into components parallel to the axes in the shaft 1 system, X 1 Y 1 Z 1 , they become
(1)
The subscript indicates the axis about which the moment acts, and the damping constant d M ⑀ is defined by
⑀1r is the precession angle between the shaft-fixed X 1 axis and the relative eccentricity axis, 1 ⑀ ͑Fig. 4͒. The variables ␤, R m , and G 0 depend upon the seal design geometry and are defined in the nomenclature list.
Note that a⑀ in these equations represents the precession rate of the relative eccentricity vector. As the eccentricity results only from synchronous whirl of shaft 1, a⑀ ϭ 1 . Further, since X 1⑀ Y 1⑀ Z 1⑀ and 1 ⑀ 2 ⑀ 3 ⑀ are coincident, ⑀1r ϭ ⑀1 . Finally, the assumption that shaft 1 whirls with constant amplitude leads to ⑀ ϭ0. Thus,
The negatives of these moments are applied to rotor 1. These are the applied moments we shall use for the steady-state solution.
The second type of forcing moment occurs because the seal ring, and therefore the axial force, are displaced radially from the center of the seat. The force, which acts through the center of the ring, applies a moment to the seat with a moment arm equal to the magnitude of the relative eccentricity. The moment is applied about an axis ͑the 1 ⑀ axis in Fig. 3͒ orthogonal to the direction of the radial displacement of the seal ring; i.e., the moment is the cross product of the relative eccentricity and axial force vectors. It has a normalized magnitude
where F 2s is the normalized hydrostatic force applied to element 2 ͓15͔,
and 
The moment produced by this force is positive about the 1 ⑀ axis. The moment about the 2 ⑀ axis is zero by definition. When resolved into the shaft-fixed frame, the moments become
These moments are applied only to rotor 2, the seal seat, but will affect the response of both rotors because of fluid coupling between the two.
Note that ⑀1 is the angle between the X 1 and X 1⑀ axes. As both of these axes are fixed in shaft 1, ⑀1 will be constant. Its value depends upon the orientations of the initial support face tilt and the shaft imbalance and so will vary from one individual seal to another, even of the same design.
Dynamic Analysis and Steady-State Response
The four equations of motion are obtained by forming moment sums about orthogonal tilt axes for each of the two rotors. Wileman and Green ͓13͔ showed the equations of motion for a concentric seal are linear when axes in the inertial frame are used. The steady-state response can be obtained separately for each forcing function in the system and the results superposed to obtain the total solution.
To understand the dynamic behavior of the seal, it is useful to examine these inertial equations:
The subscripts and indicate components parallel to the inertial and axes.
The right-hand sides of the four equations represent the forcing functions in the concentric system. Here, all forcing results from the initial tilts of the flexible supports, ␥ 1i and ␥ 2i , which are misalignment angles of the individual rotors before the seal is assembled. The dimensionless time, t, is the only independent variable on the right-hand side of the equations.
These equations do not yet include the effects of eccentricity, but synchronous whirl changes the equations only by adding additional forcing functions to the right-hand side. Specifically, the eccentric system is subject to all the forcing functions present in the concentric system, plus the new forcing functions which result from the fluid-film moments described above. For our simplified case of a single whirling shaft, the additional forcing functions will all have frequency 1 . This allows us to obtain the steadystate response using the same solution technique, described below, as for the concentric system.
A stability analysis can be performed for the equations of motion above using Hurwitz polynomials ͓14͔. As additional forcing functions do not change the stability analysis, synchronous whirl has no effect upon the stability threshold of the seal to within the accuracy of the first-order linearized model. Wileman and Green ͓13͔ determined the steady-state response of the concentric system by noting that each forcing function has a frequency equal to one of the two shaft speeds. The equations can be solved separately for forcing functions corresponding to a single shaft speed; the forcing function, and therefore the response, is constant when the equations of motion are resolved into a rotating reference frame fixed in that shaft. Thus, the steadystate response was obtained separately for the forcing functions acting at speed 1 , then again for those acting at speed 2 . Each solution was obtained by resolving the equations of motion into the appropriate shaft-fixed system, then solving the equations using only the forcing functions acting at the frequency of that shaft. Because the response is constant in the shaft-fixed system, the time derivatives in the equations of motion can be set to zero, and the unknown tilts obtained by solution of a simple matrix equation. The process was repeated using the other shaft-fixed system and the remaining forcing functions. As the system is linear, the two results can simply be superposed.
The same technique can be used for the synchronous whirl analysis. The equations of motion in the inertial system are resolved into components first in the X 2 Y 2 Z 2 system, then in the X 1 Y 1 Z 1 system, and the additional moments resulting from the synchronous whirl are added to the right-hand side of the latter. As we have assumed ⑀ 2 ϭ0, all of the new moments will act at frequency 1 , so they will appear only in the equations presented in the
The equation in the shaft 2 system has no new forcing functions and remains as in the concentric analysis; thus ͓13͔,
In the shaft 1 system, the new forcing moments described above are added to the right-hand side of the equations from ͓13͔. Thus,
The unknown variables ␥ X n and ␥ Y n , where n is 1 or 2, are the components of the individual response tilts resolved onto the shaft fixed axes. The subscripts indicate which rotor and which axis is associated with the tilt component. The 4-by-4 matrices (A 2 ) and (A 1 ) were derived in ͓13͔ in terms of the inertia and support properties and the shaft speeds, and are constant for a given seal design. For convenience, they are provided in the appendix.
The vectors on the right-hand side depend upon ␥ 1i and ␥ 2i , the initial tilts of the rotors, and upon ⑀ and ⑀1 . These four parameters will usually be the result of manufacturing or assembly variations. Thus, while they are constant for a particular seal, they will vary from one seal to another even for seals of the same design. However, knowledge of the manufacturing tolerances and the shaft behavior can be used to predict upper bounds for the seal motion.
The four unknowns in each of the two matrix equations represent the absolute responses of the two rotors to the forcing functions in that equation. A more useful presentation of this response is to combine the four tilt components to obtain a single principal relative tilt, as described by Wileman and Green ͓13͔ for the concentric results. This still leaves two independent relative tilts: one resulting from the forcing functions acting at frequency 1 , the other from those with frequency 2 . The total solution is the sum of these responses, and as they are rotating, their sum will be time dependent. The maximum value will be when the principal tilt axes of the two coincide, and will equal the scalar sum of the two relative tilt magnitudes. It is this sum which will determine whether the faces come into contact, and it is also a useful indication of average relative tilt over an entire revolution. This sum is the number presented in the numerical results below.
Degenerate Cases-Flexibly Mounted Stator and Flexibly Mounted Rotor Seals
The FMRR configuration provides the most general kinematic model for a seal, but most seals in use have either the flexibly mounted stator ͑FMS͒ or flexibly mounted rotor ͑FMR͒ configuration. A solution for either of these is easily obtained as a degenerate case of the FMRR model presented above. Three examples of how closed-form FMS and FMR solutions can be derived are presented below.
Flexibly Mounted Stator With Whirling Rotor.
Using the nomenclature of the FMRR model, let element 1 be the rigidly mounted rotor, while element 2 is the flexibly mounted stator. The system will have a dynamic response to three forcing functions: that resulting from the rotor initial tilt, which is of constant magnitude but precessing at the shaft speed, 1 ; that resulting from the synchronous whirl of shaft 1; and that resulting from the initial tilt of the stator.
The first two of these forcing functions are contained in the equations ͑10͒. Note that because element 1, the rotor, is rigidly mounted, the system has only two degrees of freedom. Thus, only two equations of motion are required, not the four required for the FMRR configuration. Two of the four FMRR equations must be eliminated. The last two rows of ͑10͒ describe the motion of element 1, and it is these which we eliminate. If the rigidity constraint on the rotor is enforced by allowing k s1 to approach infinity, terms containing k s1 will dominate in the third and fourth rows of ͑10͒, and the remaining terms can be neglected. This results in
We substitute this into the first two rows of ͑10͒, leaving the tilt angles for element 2, the stator, as the only unknowns. The FMS configuration allows simplifications in the two remaining equations. Because element 2 is a stator, 2 ϭ0, and ref ϭ 1 * , so that 1 ϭ1 becomes the normalized shaft speed. Perform the matrix multiplication for the first two rows of ͑10͒, substituting ͑11͒ and making the other simplifications described. The result is the equations of motion for the FMS configuration subject to synchronous whirl of the rotor:
The system is solved using simple elimination to obtain the two unknown tilt components of the stator, which have been relabeled ␥ 2I and ␥ 2J for conciseness. The magnitude of the total response tilt, ␥ 2r , is obtained by summing the squares of these two components, where the additional subscript r denotes that they result from forcing functions originating in the rotor:
Here we see the response contains three components: one resulting from rotor tilt alone, one resulting from eccentricity alone, and a cross term which depends upon both. Though the shaft speed doesn't appear directly in ͑13͒, the response is actually a strong function of speed via the normalization, as will be apparent in the numerical results. If we set ⑀ϭ0 in ͑13͒, the synchronous whirl result here simplifies as expected to that found by Green and Etsion ͓16͔ for the concentric FMS seal. Finally, the component of the stator response which results from the stator's own initial tilt must be determined. This is done by starting with ͑9͒ and setting 2 ϭ0 and 1 ϭ1, as before. Letting k s1 →ϱ allows replacement of the third and fourth rows of ͑9͒ with ␥ 1I ϭ␥ 1J ϭ0, which is as expected since we are computing only the response to the stator initial tilt. Thus, for an FMS seal subject to synchronous whirl, the first two rows of ͑9͒ become
Solve by elimination to obtain ␥ 2s 2 ϭ␥ 2Is 2 ϩ␥ 2Js 2 ϭ k s2
where the subscript s in the response tilts indicates a forcing function originating in the stator. As expected, this result also agrees with that of Green and Etsion ͓16͔. The response magnitudes ͑13͒ and ͑15͒ represent absolute tilts of the flexibly mounted stator. However, it is the magnitude of the relative tilt between the stator and rotor which is of greatest interest, as it this tilt that determines the leakage rate and whether the faces come into contact. The response to the initial stator tilt was obtained by assuming zero rotor tilt; thus, ͑15͒ represents both the absolute and the relative tilt resulting from this effect.
For ͑13͒ the components of the relative tilt parallel to the X and Y axes are obtained by subtracting the absolute tilt components of element 1 from those of element 2:
where ␥ 2Ir and ␥ 2Jr are obtained using ͑12͒. 
This represents the relative tilt which results from rotor and eccentricity effects for the FMS seal subject to synchronous whirl. Again we see a tilt component, a whirl component, and a cross term. The relative tilt described by ͑18͒ precesses at the shaft speed 1 , while that of ͑15͒ is stationary. The total relative tilt will be time dependent, but its maximum value will be the sum of the two.
Flexibly Mounted Rotor With Whirling Rotor. The flexibly mounted rotor ͑FMR͒ configuration can be analyzed in a similar way. Let element 1 be the rotor and element 2 the stator, as for the FMS case, but let element 2 be rigidly mounted instead of element 1. We use ͑9͒, expressed in the ''shaft 2'' system ͑shaft 2 is now the housing͒, to compute the response to the stator initial tilt, and ͑10͒, expressed in the shaft 1 system, to compute the response to the whirl and initial tilt of the rotor.
Letting k s2 →ϱ in the first two rows of ͑9͒ yields ␥ 2I ϭ␥ 2i and ␥ 2J ϭ0. Substitute these into the third and fourth rows of ͑9͒ along with 1 ϭ1 and 2 ϭ0 to obtain the equations which describe the response of the eccentric FMR seal to stator initial tilt.
Again solving by elimination and computing the magnitude of the total response yields,
As for the FMS case, the relative tilt is more useful. Using a method analogous to that for the FMS, we obtain
To consider the effects of the rotor initial tilt, eliminate the first two rows of ͑10͒ and set ␥ 2I ϭ␥ 2J ϭ0. The third and fourth rows can then be simplified to
Solve by elimination and compute the magnitude:
As we assumed the stator tilts to be zero, this represents both the absolute and relative tilt. As expected, when ⑀ϭ0, this result is the same as that found by Green ͓17͔ for the concentric FMR case.
The maximum combined response is obtained as the sum of the responses in ͑21͒ and ͑23͒.
Flexibly Mounted Rotor With Eccentric Stator. Another interesting degenerate case is the FMR seal in which the rotor is concentric, but the stator is eccentric. That is, the centers of the rotor and stator have a constant radial displacement relative to one another, such as might occur because of an error in installation of the seal.
As element 1 is the eccentric element, to model an eccentric stator we let element 1 be the stator by setting 1 ϭ0, ref ϭ 2 * , and 2 ϭ1. Thus, element 1 has a radial eccentricity, ⑀, as before, but no whirling occurs; the eccentricity is fixed in space.
For this configuration, ͑10͒ describes the response to the stator forcing functions. Letting k s1 →ϱ, the third and fourth rows yield simply ␥ 1I ϭ␥ 1i and ␥ 1J ϭ0. Substitute these into the first two rows to obtain
The solution to this system is obtained by elimination, as before, and the result is ␥ 2s 2 ϭ␥ 2Is 2 ϩ␥ 2Js
The corresponding relative tilt is
It is clear that even though no whirling occurs, the response of a flexibly mounted rotor to a fixed stator eccentricity is very similar to the response of a flexibly mounted stator to a whirling rotor. Note that ͑26͒ and ͑18͒ are nearly identical except for the absence of the inertia in the FMR result.
The response to the rotor initial tilt is identical to that in ͑25͒ with ⑀ϭ0 and appropriate substitution made because the rotor is now element 2 instead of element 1. Thus,
This response is both an absolute and a relative tilt, and the maximum total response is obtained by adding ͑26͒ and ͑27͒.
Numerical Results
The solution method described above was applied to an example seal based upon the concentric seal designs used by Wileman and Green ͓18͔ and Green and Etsion ͓16͔. The properties of the externally pressurized FMRR seal are shown in Table 1 . Results were obtained for the full FMRR configuration, and for FMS and FMR seals based on the design of Table 1 . In each case, the responses to initial tilt and eccentricity were calculated over a range of shaft speeds.
For the synchronous whirl condition defined in this work, we must introduce two new parameter values: ⑀ and ⑀1 . The latter represents the angle between the rotor initial tilt axis and the eccentricity of the same rotor and appears in the equations of motion ͑10͒ as well as the cross terms of the responses ͑18͒, ͑23͒, and ͑26͒. This angle will be constant for an individual seal, but will likely be difficult to predict or measure as it depends largely upon tolerances and imbalances which are random by nature. If the value of ⑀1 is known, it can certainly be substituted into the response equations derived above. However, the maximum, or ''worst case'', tilt is likely to be of more interest, as the analysis will be performed for a seal design rather than an individual specimen of that design. This maximum response can be obtained by solving the response over a range of values for ⑀1 and selecting the largest at each operating point, or by setting the derivative of the cross term to zero to compute the value of ⑀1 which gives the maximum response. Fortunately, the linearity of the equations of motion make such cumbersome computations unnecessary. The response is independent of ⑀1 unless tilt and whirl are considered together, and if the response is determined separately for each of the two initial tilts and for the synchronous whirl, the maximum response will be the simple sum of these. This is equivalent to assuming all the responses are in phase, and is equal to the maximum response obtained using the more cumbersome methods. It is these maximum tilts which are reported below.
The response of the FMRR seal of Table 1 is presented in Fig.  5 . The speed of shaft 2 was held constant at 2 ϭ2000 s Ϫ1 while the shaft 1 speed, 1 , was varied over the range shown on the abscissa; negative values indicate counterrotating operation. A normalized initial tilt of unity ͑corresponding to 0.00025 mrads͒ was used as the initial tilt for both rotor 1 and rotor 2 (␥ 1i and ␥ 2i , respectively͒. The eccentricity was set to ⑀ϭ0.01. As ⑀ is normalized using the outer radius of the face, r o , ⑀ϭ0.01 corresponds to a shaft runout of 0.4 mm for the example seal with face diameter of 80 mm. While this may be large, it is presented as a demonstration, and it is noted that the response of the seal is linear with ⑀ when the whirl forcing function is considered alone ͑the dashed line in the figure͒. A normalized relative tilt of unity is the tilt at which face contact will occur, but rotors can have initial tilts much larger than this prior to assembly without necessarily leading to face contact in operation; the initial tilts will be attenuated once the seal is pressurized, as evident from Fig. 5 . Three plots are shown: the response to the initial tilts of both rotors assuming no whirl (␥ 1i ϭ␥ 2i ϭ1, ⑀ϭ0͒; the response to the whirling rotor assuming no initial tilts (␥ 1i ϭ␥ 2i ϭ0, ⑀ϭ0.01͒; and the combined response to both tilts and whirl (␥ 1i ϭ␥ 2i ϭ1, ⑀ϭ0.01͒, which is the sum of the other two. The values were computed by solving ͑9͒ and ͑10͒ over the range of speeds presented, then computing relative tilts from the resulting absolute tilt components. The computations required only a few seconds on a desktop computer using a standard matrix math package. The degenerate case of the FMSR seal is presented in Fig. 6 . Speed varies as before for 1 , but 2 ϭ0. Only positive speeds are shown for the FMSR seal, as the response is symmetric about 1 ϭ0. Figure 7 shows the response of the FMS seal, obtained by summing the relative tilts computed using ͑15͒ and ͑18͒. Figure 8 shows similar results for the FMR seal with a whirling rotor, computed using ͑21͒ and ͑23͒, and Fig. 9 shows the response of the FMR seal with an eccentric stator, computed using ͑26͒ and ͑27͒.
Discussion
The results represent the response of a particular seal design, and the values of c 1 and c 2 correspond to rotors which approximate flat disks. Seals with longer rotors are likely to behave quite differently because the gyroscopic effects tend to be less beneficial ͓18͔. Nonetheless, it is worthwhile to examine the results for trends. Figure 5 shows that the whirl response of the FMRR seal varies largely and nonuniformly with speed. In particularly, there is a large peak around 5000 s Ϫ1 and an increase in response when the seal makes the transition from corotating to counterrotating operation. Seals subject to shaft whirl should be designed so as to move these peaks away from the operating speed. Figure 6 shows the response of an FMSR seal subject to a whirling rotor, and it is interesting to compare the response at 1 ϭ2000 in Fig. 6 with the response at 1 ϭ0 in Fig. 5 . The latter represents the FMSR response at the same operating speed ͑stator and rotor are reversed͒, but with an eccentric stator rather than rotor whirl. The response in Fig. 6 is several times higher, which indicates that the FMSR configuration may be particularly sensitive to shaft whirl.
Comparing Figs. 8 and 9, it seems that the FMR response to a fixed stator eccentricity is considerably higher than its response to rotor whirl with the same value of ⑀. This difference is actually an artifact of making the rotor the seal ring in the computations for Fig. 8 , while it is the seat in those for Fig. 9 . The calculations indicate that the largest factor in the whirl response is the displacement of the line of action of the axial force. ͑This can be verified by setting all other forcing functions to zero.͒ As this force acts through the center of the seal ring, it applies a moment only to the seat. Thus, an FMS or FMR seal should have a larger response to shaft whirl if the seal seat is on the flexibly mounted element, and this is borne out by the numerical results of Figs. 7-9. In an application where shaft eccentricity is expected, it is clearly preferable to put the seal ring on the flexibly mounted element.
Finally, it should be noted that the technique presented in this work can be adapted to include a second whirling shaft, or shaft behaviors more complex than synchronous whirl. The moments resulting from eccentricity are computed using ͑1͒ and ͑4͒, which are both expressed in terms of the relative eccentricity. As explained in the introduction and shown in Fig. 3 , this relative eccentricity is the vector difference between the eccentricity vectors of the individual shafts, and it will be time dependent in both magnitude and direction if both rotors are eccentric. So long as the motion of both shafts is known, they will still change the equations of motion ͑8͒ only by adding additional forcing functions. If it is not possible to obtain an analytical solution, the equations can be integrated numerically to obtain a transient response which should converge to the steady-state solution. This will obviously be more computationally intensive than the analytical method presented in this work.
Conclusions
A kinematic model has been presented to describe the effect of synchronous shaft whirl upon the dynamic response of an FMRR seal. The radial deflection and whirl frequency were assumed to be known inputs into the seal dynamic analysis, and the shaft whirl was shown to affect the equations of motion of the seal only by adding forcing functions acting at frequencies equal to the speed of the whirling shaft.
A technique for obtaining the steady-state dynamic response for the seal was presented, and the linearity of the system was shown to allow rotor initial tilt and shaft whirl effects to be obtained separately and superposed. The solution method was shown to be applicable to the degenerate cases of FMS and FMR seals, and solutions for the steady-state responses of these configurations were obtained in closed form.
The solution method was applied to several variations of an example seal design, and the responses to shaft whirl and initial rotor or stator tilt were presented for several configurations. The results showed the response to shaft whirl varies largely and nonuniformly with speed, and showed that the FMSR configuration is particularly sensitive to shaft whirl. The results also indicated that the response to shaft whirl is reduced in FMS and FMR seals if the seal ring is placed on the flexibly mounted element.
